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Abstract: The elegant Hartley—Ross inequality on the absolute bias ratio (ABR = |Bias| /S.E.) of a ordinary ratio estimator is here
generalized to that of a separate ratio estimator with stratified sampling. It is shown that, as long as the numerators and
denominators used to form strata ratios are unbiased estimators, the absolute bias ratio of a separate ratio estimator will never
exceed the square root of the sum of squares of the coefficient of variation of the denominators across strata. This provides, at
design stages, a simple bound in practice to assess the limit and magnitude of the bias ratio of any separate ratio estimator that
shares the same denominators. Exact expressions for biases of separate ratio estimators are also given.
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1. Biases of ordinary ratio estimators

In sample surveys, ordinary ratio estimators are
typically employed to estimate (i) a population
total, Y, (ii) a population mean, Y, or (iii) a
population ratio, Y/X. In all of these cases, the
ratio estimator has the form

y
,»_—_EQ, (1.1)

where X and y are the sample means of variable
x and y, respectively, and Q is a known quantity.
In cases (i) and (ii), Q is the population total and

mean of variable x, X and X respectively, and
the ratio estimator r of (1.1) is used to increase

the precision in estimating Y and Y by taking
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advantage of the positive correlation between y
and x and the known values of X and X in the
population. In case (iii), Q =1, and the popula-
tion quantities of variable x need not be known.
A comprehensive treatment of ratio estimator
{1.1) and other variations can be found in Cochran
(1977, Chapter 6).

It is well known that in general, r of (1.1) is
biased for R=(Y/X)Q. However, this bias is
typically unimportant because it is negligible
compared to the standard error of r. An elemen-
tary but elegant proof of this fact was given in
Hartley and Ross (1954), who noticed the follow-
ing simple identity

) E(y) B Cov(r, x)
ﬁ(r)——E(f)Q———E(f) . (1.2)
Thus, if

E(y) Y

%—?, (]3)
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then the right side of (1.2) gives the exact bias of
r. Since |Cov(r, X¥)| <o(r)o(%), it then follows
immediately that

|Bias(r)| o (%)
—<
o(r) E(%)

Since CV(X), the coefficient of variation of X, is
typically small in practice (i.e., <0.2), even with
moderate sample size, inequality (1.4) ensures
that the bias of r is typically not of practical
concern.

The importance of the inequality (1.4) is that it
enables us, at the design stage, to assess the limit

and maonitnds Af tha hine ratin nf « AF (1 1) frr
allu MiaghiitdGe Un wull Olds Tdud O 7 01 vi.17 107

any sampling variable, y, since the bound in (1.4),
CV(Xx), does not depend on y and typically can
be calculated from the design and the known
population quantities of the auxiliary variable, x.
Inequality (1.4) is also very general in the sense
that it still holds with CV(X) being replaced by
the coefficient of variation of the appropriate
denominator if ¥ and y in r are replaced by
other unbiased estimators (e.g., X and y© in
the next section) for X and Y, respectively. Thus
(1.4) can be applied virtually in all practical situa-
tions where ordinary ratio estimators are used.

ABR(r) =

—CV(x). (1.4)

=1

2. Biases of stratified ratio estimators

With stratified sampling, there are commonly two
ways to construct a ratio estimator. One obvious
way is the combined ratio method, which replaces
the simple sample means ¥ and ¥ in the ordinary
ratio estimator by the corresponding weighted
strata sample means, respectively,

_ i (Ny/N)F, _ y©

r.= =
¢ Lia(NyN)E,T @

0, (2.1)

where X,, ¥, are sample strata means of the Ath
stratum, N, is the size of the Ath stratum, N is
the population size, and L is the number of
strata. In contrast, the separate ratio method first
forms an ordinary ratio estimator within each
stratum and then appropriately weights them to
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form a single ratio estimator,

L 3 L
Y )
rg= Z —_QJ;E E !‘”), (2'2)
h=1

h=1%h

where @, (A=1,...,L) are known quantities.
For example, Q, =X, (h=1,...,L), the strata
total of x, if », is used to estimate the population
total of y.

The differences between r. and r, have been
well studied in the literature (e.g., Cochran, 1977,
Chapter 6). As a simple summary, the separate
ratio estimator, r,, typically has a smaller vari-
ance but a larger bias than the combined ratio

.- The estimator r, has a smaller

variance because its precision is determined by
whether the relationship between y and x is a
straight line through the origin within each stra-
tum, whereas for r., the precision depends on a
much stronger relationship — whether there is
such a common straight line for all strata. But
the bias of r_ is typically negligible compared to
its standard error. This can be seen by applying
(1.4) to the r. of (2.1) (Cochran, 1977, p. 166),

ABR(r.) < CV(%©), (2.3)

and typically CV(x“) is small in practice. In fact,
CV(x©) is typically smaller than CV(X) because
the stratification reduces the variance (e.g., with
simple random sampling and proportional alloca-
tion). In contrast, even with large samples, the
bias of r, may not be negligible compared to its
standard error if there are many strata and the
sample sizes within some strata are small. This is
because, as argued in Cochran (1977, p. 165), the
bias in r, is roughly L times that in r* (see
(2.2)) if the bias has the same sign and similar
size in all strata, but the standard error of r, is
only of the order of L'/? times that of r.
Consequently, the absolute bias ratio of r, is of
the order L'/? x ABR(r®), which could be sub-
stantial if L is large and ABR(r"?) is not too
small. It is, therefore, of practical interest to have
a simple and general method at the design stage,
just as with ordinary ratio estimators, to assess
the limit and magnitude of the absolute bias ratio
of r.. The following generalization of (1.4) pro-
vides an answer.
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In common applications of r, of (2.2), 3, and
%, are respectively unbiased estimators for Y,
and ,\_’_;3, the population strata means of the Ath
stratum (A =1,...,L). Thus, we can apply (1.2)
to each r' in (2.2), which yic]ds

L L
Bias(r) =E(1) - . 240,~ ¥, Bias(1)
h=1 h h=1
L Cov(r””, fn)
=y - — 2.4
hgl E(%,) (24)

It follows, by the Cauchy-Schwarz inequality, that
L

X o(r™)-CV(%,)

h=1

<| £

=1

| Bias(7,)| <

12 L 1/2
R T

(2.5)

But, since samples from different strata are inde-
pendent,

L
a¥(r)= X o} (r™). (2.6)
h=1

Combining (2.5) and (2.6), we obtain

Bl £ v

h=1

ABR(r,) =
(2.7)

which reduces to (1.4) when L = 1.

Although the derivation of (2.7) is almost triv-
ial, we were not able to find such simple argu-
ments in the generally accessible literature,
Large-sample approximations to the bias in r,
and standard error of r, that could lead to (2.7),
of course, can be found in many textbooks (e.g.,
Hansen et al., 1953, Chapter 5). Notice that, if all
CV(x,)’s are of similar sizes, then the right side
of (2.7) is approximately L'/>CV(%,), which is the
rough bound suggested by Cochran (1977, p. 165)
for assessing the magnitude of ABR(r,) in prac-
tice. Like the Hartley—Ross inequality (1.4), (2.7)
allows an assessment of the limit and magnitude
of ABR(r,) at the design stage for any potential
sampling variable v, because the right side of it
only requires the knowledge of CV(x,) =
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a(%,)/X, (h=1,...,
beforehand.

L), which is often available

3. Two remarks

Remark 1. There is an interesting alternative
expression for the bias in r,. Rewriting r, of (2.2)
by finding the common denominator yields

ro= T VIl 24 %) Q) _ ¢ (3.1)
s E:ﬁ:]'fh b | R
Since

E(a) _ & Yy

E(b) T X,

the population quantity to be estimated, by (1.3),
we can apply (1.2) to (3.1) and obtain

Cov( re, TTj. |'f"‘)
. = - ’ 3‘2
Bias(r,) E(l'[j:‘-_th) o

Interestingly, applying (1.4) directly to (3.2) would
yield

ABR(r,) < cv( 1 xh),

which, except for L = 1, is always less sharp than
(2.7) because

cv( ﬁf,] = { H [1+CV3(x,)] - 1}]/2

h=1 h=1

E cv? (%) ]

h=1

Remark 2. The methods discussed before can
also be tried on other types of ratio estimators,
although typically with less general results. Take
the multivariate ratio estimator (Olkin, 1958)

o)

i
1~
N

)
>
N
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as an example, where (Z,,..., Zp) are the sample
means of P auxiliary variables, and W, = 1. Just
as with (2.4), we can apply (1.2) to each r, in
(3.3), which yields
r COV( is 2:’)

Bias(ryg) = 3, ~Wi—————.

ME i=1 E(Z;)
It follows that
| Bias( ryr) |

P
< T Wo(r)-CV(Z)

i=1

[Emoin] TEevn]”

e I Fr

Unlike r,, however, we need impose further as-
sumptions to bound ABR(ry) because r;, i=
1,..., P, are typically not independent. For exam-
ple, if

o (ryr) = ﬁ Wia(r,), (3.4)
i=1
then
P 1/2
ABR(ryr) <| X CVZ(E,-)} : (3.5)
i=1

A sufficient condition for (3.4) is Cov(r;, ;) >0
for all i, j, which does often hold when z; and z;
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are positively correlated (see Olkin, 1958, for
calculations of Cov(r;, r;)). Extensions of (3.5) to
stratified multivariate ratio estimators are
straight-forward.
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