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ABSTRACT. Monte-Carlo estimation of an integral is usually based on the
method of moments or on an estimating equation. Recently, Kong, McCul-
lagh, Meng, Nicolae and Tan (2003) proposed a likelihood based theory, which
puts Monte-Carlo estimation of integrals on a firmer, less ad hoc, basis by
formulating the problem as a likelihood inference problem for the baseline
measure with simulated observations as data. In this paper, we provide fur-
ther exploration and development of this theory. After an overview of the
likelihood formulation, we first demonstrate the power of the likelihood-based
method by presenting a universally improved importance sampling estimator.
‘We then prove that the formal, infinite-dimensional Fisher-information based
variance calculation given in Kong et al. (2003) is asymptotically the same
as the sampling based “sandwich” variance estimator. Next, we explore the
gain in Monte Carlo efficiency when the baseline measure can be parameter-
ized. Furthermore, we show how the Monte Carlo integration problem can
also be dealt with by the method of empirical likelihood, and how the baseline
measure parameter can be properly profiled out to form a profile likelihood
for the integrals only. As a byproduct, we obtain four equivalent conditions
for the existence of unique maximum likelihood estimate for mixture models
with known components. We also discuss an apparent paradox for Bayesian
inference with Monte Carlo integration.

1. INTRODUCTION AND OVERVIEW

1.1. The need for computing normalizing constants. Let {gs} be a family
of unnormalized probability/density functions on some sample space I', and let P
be the corresponding probability measure, Py(A) = [, qo(x)p(dz)/c(f), for any
measurable A C T'. Here ¢(f) is the normalizing constant, and y is the domi-
nating measure, typically Lebesgue, counting, or a mixture of the two. Whereas
the normalizing constant is not required for many sampling methods, particularly
Markov chain Monte Carlo (MCMC) methods (e.g. Gilks et al., 1996), it is a central
quantity in many statistical and scientific problems. In physics, it is known as the
partition function, and there is a large literature on how to estimate partition func-
tions using MCMC (e.g. Bennett, 1976; Ceperley, 1995; Voter, 1985). In genetics,
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many likelihoods are computed using the following identity

L(e | Yobs: Ymis)
Ymis YO S 3 = 7 YE
P(Ymis | Yobs, ) G

where L(0|Y obs) is the likelihood of interest, and L(6 | Y obs, ¥'mis) is the complete-
data likelihood, which is typically easier to evaluate because of its simpler struc-
ture. With the help of sophisticated MCMC algorithms that can simulate from
the conditional distribution of the missing data, p(Y mis | Yobs, ), usually of very
high dimension, computing L(#|Y obs) becomes a problem of estimating the nor-
malizing constant ¢(8) = L(6 | Yobs) of the unnormalized f(Y mis | Yobs, 8), namely,
46 (Y mis) = L(8 | Yobs, Y mis), using our generic notation (here Yops is fixed). Meth-
ods such as importance sampling and bridge sampling are then used to estimate
L(0|Yobs) (e.g. Ott, 1979; Geyer and Thompson, 1992; Irwin et al., 1994; Jensen
and Kong, 1999; Stephens and Donnelly, 2001; Thompson, 2000).

In statistics, besides the obvious need for ¢() in computing the likelihood, the
computation of a Bayes factor is precisely a problem of computing normalizing con-
stants. These likelihood and Bayesian computation problems are the major reasons
for the recent interest in this topic, particularly given the increased complexity of
Bayesian models (e.g. Geyer, 1994; Gelfand and Dey, 1994; Newton and Raftery,
1994; Chib, 1995; Verdinelli and Wasserman, 1995; Meng and Schilling, 1996; Meng
and Wong, 1996; Chen and Shao, 1997b,a; DiCiccio et al., 1997; Gelman and Meng,
1998; Johnson, 1999; Chib and Jeliazkov, 2001; Meng and Schilling, 2002). In all
these problems, the quantities of interest are either ratios of normalizing constants
(e.g., likelihood ratios) or can be formulated as such. Even for computing the nor-
malizing constant for a single model, for computational efficiency, we can estimate
its value relative to the known value of the normalizing constant of a simple approx-
imation to the model (DiCiccio et al., 1997; Meng and Schilling, 2002). Thus we
focus on the problem of computing ratios of normalizing constants, or equivalently
estimating a set of normalizing constants modulo a common positive multiple. By
extending {gp} to include integrable but not necessarily non-negative functions, the
formulation also covers general Monte Carlo integrations.

1.2. A review of the likelihood theory. An intriguing aspect of Monte Carlo
(MCQ) integration is that there is no obvious (non-trivial) lower bound on the vari-
ance of the Monte Carlo estimator of the ratios with a given simulation size. This
is, of course, not surprising, because it is well-known that the variance of the im-
portance sampling estimator approaches zero as the distance between the target
density and trial density approaches zero. Also, in MC integration problems, we
know all quantities in ¢(8) = [ gs(x) p(dz), so there appears to be no inference
problem to speak of. This has led to a number of quandaries in the general attempts
to model MC simulated data just as real data, as discussed in Meng (2005).

To address this problem, Kong et al. (2003) proposed to treat the baseline mea-
sure, u, as the unknown parameter; more arguments on why this is a natural strat-
egy are given in Meng (2005). Specifically, let ¢1, ..., qx be real-valued non-negative
functions on I', and let y be any non-negative measure on I'. We are interested in
estimating ¢, /cs, where ¢, = fr g-(z) dp is assumed to be positive and finite. The
simulated data are n, > 0 independent samples from the rth weighted distribution

Py(de) = ¢, " 4,() p(da). (L1)
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There may be additional functions ¢,,r = k+1,...,k + m for which (the relative
value of) ¢, = [, ¢ () p(dx) must also be estimated, and these functions need not
be non-negative. Also, as a theoretical device, by extending g, to be a joint density
of dependent draws, the formulation covers the practical situation where draws are
realizations of a Markov chain.

Under the model of Kong et al. (2003), the parameter space is the set of all
non-negative measures on I', but our interest lies in the k + m linear functionals

crz/qr(m)d,u, r=1,....,k+m. (1.2)
r

Since the simulated data are n independent pairs: (y1,1), ..., (Yn, Trn), where the
labels y; € {1,...,k} are determined by the simulation design and z; ~ Py, the
full likelihood for p is
n n
L(w; X) = [[ P (§zi}) = [ wld@}) &}y (). (1.3)
i=1 i=1
Here we have assumed that I is countable; the uncountable case is discussed in Sec-
tion 1.3. Re-parameterizing in terms of the canonical parameter 8(x) = log u({z}),
the log likelihood for 6, except for a constant, is

n k k
Zﬁ(xi) — Z ngloges(0) =n /1“ 6(z) dP — Z"S log ¢, (8), (1.4)

i=1 s=1

where P is the standard empirical measure which puts 1/n mass at each observed
data point. The maximum likelihood estimate of y is given by

nP(dz)

k —1 ’
23:1 NsCs qs(x)
where ¢, is the MLE of c,, which are obtained (up to a proportionality constant)
as the solution of the first k& equations of

n

ér:‘/FQT(x)dﬂ:Z % qr(xi) Tzla"'7k+m' (16)

el DAY Nour AN

Note that this set of equations has a unique solution (up to a multiplicative
constant) if and only if the set of values {g.(z;) > 0,i = 1,...,n;7 = 1,...,k}
satisfies the “connected” condition of Vardi (1985), which we assume throughout
this paper. We also remark that in the above formulation, the labels {yi,...,y,}
play no role because they are not a part of the minimum sufficient statistic (Vardi,
1985). However, such label information is crucial for the “warp transformation”
formulation, as discussed in Section 4.2.

fi(dx) =

(1.5)

1.3. Uncountable sample spaces. While the likelihood theory given in Kong
et al. (2003) can be formally extended to cases where I is uncountable, the definition
of 8 becomes problematic because it requires the existence of a dominating measure
v on I' such that the logarithmic derivative

8(z) = log (Z-’i(@)

is well-defined on I'. That is to say, the parameter space is restricted to the set of
measures on I' that are absolutely continuous with respect to v. This construction
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is unsatisfactory when T' is uncountable. The difficulty is that if u is Lebesgue
measure on R, the “MLE” [ is atomic, and thus not in the parameter space as
described. In fact, there does not exist on R a common dominating measure v such
that i << v for all possible estimates f.

The problem is more of a mathematical technicality than a practical obstacle, as
equation (1.6) is clearly well-defined whether or not I is countable. Nevertheless, it
is of some interest to acknowledge the problem, to offer a resolution and to explore
the consequences. First, we define (T, .A) as a measure space, in which A is a o-
algebra of subsets sufficiently rich to include all singletons of I'. Second, we assume
that the functions ¢4(x) are A-measurable. Finally, the parameter space M is taken
to be the set of all non-negative measures defined on 4. The likelihood at p € M,
L(p; X), is still given by (1.3). Note here that we define likelihood through its
original form using the probability of the observed event {z1,...,z,}, not through
any density function, which is not suitable here as there is no single dominating
measure for all elements in M.

From (1.3), it is clear that if u({z;}) = 0 or ¢,, = oo for at least one 4, then
L(p; X)) = 0. Furthermore, for each 4 € M such that p({z;}) > Oforalli=1,...,n
and p(T\{z1,...,2,}) > 0, we define a i € M so that p({z;}) = p({z;}) for all
i=1,...,n, but p(T\{z1,...,2,}) = 0. Recall that g;(z) > 0 for all z € T, it is
then evident that for each s € {1,...,k},

Cs :/QS(x)dﬁ </q5(m)dH=cSJ
r r

so that L(ji;x) > L(u;z). Therefore, as far as MLE is concerned, we can concen-
trate on measures with support on {zi,...,z,}. This effectively implies that we
can proceed as if I" were countable.

Regardless of whether I' is countable or not, the real power of the likelihood-
based method is that any usable knowledge about p can (and should) be used to
form a sub-model for estimating p, and hence to improve MC efficiency for the
resulting estimates of the ¢’s. The next section details such an exercise in the
context of importance sampling.

2. A UNIVERSAL IMPROVEMENT FOR IMPORTANCE SAMPLING

2.1. Symmetrized importance sampling. While the formulation and results
in Section 1 cover the most general bridge sampling (Meng and Wong, 1996), the
case with k& = 1 is of special interest, because it corresponds to the widely used
importance sampling approach via

R O 1C) N R i 1C)
)= / e qn () dp / dP;. (2.1)

C1 a1(z) q1(z)

Here we assume Sy C Si, where S, is the support of g., and we typically set
c1 = 1 because the trial density P; is completely known. We highlight this common
application to emphasize that many current MC integrations can be improved upon
because they needlessly ignore usable symmetry properties in the baseline measure
(e.g., Lebesgue measure), which can be captured easily by a sub-model under the
likelihood formulation.

Specifically, let G be a compact group acting on I' in such a way that p is
invariant: pu(gA) = p(A) for each g € G. The sub-model is the one where the
parameter space consists only of measures that are invariant under G. The log
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likelihood function (1.4) simplifies because 8(x) = 6(gzx) for each g € G. The MLE
of u is still given by (1.5) and (1.6), but with ¢, and P replaced respectively by
their group averages g;(z) = aveyeg ¢s(9z) and P9(A) = avegeg P(gA).

To illustrate, the sub-model shows that (2.1) can be symmetrized by group-

averaging:
y= Z—i = /F Z_ﬁ; dp;. (2.2)
Consequently, the usual importance sampling estimator
n = L i e (i) =1 iw(wi), (2.3)
nim ale) —onim
where {z1,...,2,} are draws from Py, is replaced by
59 = 1 i G2(ei) _ 1 iwg(wi)- (2.4)
n o) no

Because of (2.2), 49 is unbiased for 7 as long as S§ C SY (where SY is the support
of g.), which is a weaker requirement than Sy C S;. Therefore the group average
improves (or at least does no harm to) the robustness of importance sampling in
the sense of providing more assurance of having enough support in the trial density.

There are several ways to see why (2.4) is more efficient than (2.3). First, (2.3)
is an “extreme” special case of (2.4) with G the identity transformation, while the
original analytic integration/summation over I" in (2.1) can be viewed as the other
extreme case of (2.4) with a group rich enough such that each of the w9 (z;) in (2.4)
is exactly the target value . The latter can be most easily seen when I is finite,
where we can take G be the full permutation group on I'. By using a suitable,
much smaller sub-group, (2.4) takes advantage of our ability to do partial analytic
and/or numerical summation, and then uses Monte Carlo to deal with the rest. In
contrast, (2.3) relies entirely on MC simulation to estimate ~.

Second, we can view the group transformation as “reparametrizing” the sample
space into a set of orbits and a cross-section that indexes the orbits. Group averag-
ing then analytically integrates over each orbit, and leaves only the integration over
the cross-section to MC simulation. In other words, (2.4) uses group averaging to
integrate over part of the space and uses simulation to approximate the remainder.
For example, suppose that I' = R?, y is Lebesgue, and G is the orthogonal group.
Then group averaging is the same as the d — 1 dimensional integration over all
the angles in polar coordinates. This analytic averaging, if feasible, makes (2.4)
more efficient than (2.3), because it effectively “Rao-Blackwellizes” out the d — 1
angle coordinates, and thus (2.4) becomes a one-dimensional MC integral over the
radius. Note that the correct “Rao-Blackwellization” carried out by the sub-model,
as shown in Section 2.2, averages individual g, not the ratios w = ¢2/¢1. The
latter does not in general provide a consistent estimator because P; is usually not
invariant under G.

Third, group averaging increases the overlap among the underlying “densities”
(in quotes as some “densities” can be negative), and thus reduces the variability in
the importance-sampling weight w. That is, (2.4) is more efficient than (2.3) for
any compact group G. Asymptotically, this is a direct consequence of the Fisher
information results for general k and m, obtained in Section 3, because a sub-
model necessarily possesses larger Fisher information than the full model for the
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same set of parameters. For k& = m = 1, namely the usual importance sampling,
in Section 2.2 we prove this for any finite sample size by showing that (2.4) is the
Rao-Blackwell projection of (2.3) given the minimum sufficient statistic, i.e., the
cross-section. Consequently, for any finite group G such that y is G-invariant,

Var(y]) < Var(§n), V¥ n>1, (2.5)
where the equality holds if and only if for almost all z € S; (with respect to )

avegeq ga(97) _ g2(x)
avegeq q1(97)  qi(@)’

Vgeg. (2.6)

2.2. A theoretical comparison. The following theorem establishes that averag-
ing over a larger group necessarily reduces the variance of (2.4) for each sample
size, under the independence assumption.

Theorem 2.1. Suppose Go C G1 are two finite groups and p is Gy -invariant. Let
Gz = {gz : g € G} be the G-orbit of x and

_avegeg, 2(92) _ Jreg,e (1) dp
 avegeg; qi(9z) ftegjz q(t)dp’
If {z1,...,zn} is an i.i.d. sample from Py, then

Var(39') < Var(392), ¥ n > 1, @7)

where the equality holds if and only if there exists Q C S1, the support of Py, such
that P1(Q2) =1 and,

VeeQ, wy(gr)=ws(z), forallgeG. (2.8)

wj(z Jj=12

Proof. We first prove that for X ~ Py,
E[wa(X)] Gi1z] = wi (z). (2.9)
The left-hand side of (2.9) is
ez 2@ dp_ fieg,, w2(t) [aveseq. a1(gt)] du
‘f;geglz qi(t) dp fteglz qi(t) dp

where the equality holds because wy(t) and p are Go-invariant and Go C G;. The
right side of (2.10) is ws (z) because wa(t) [aveseg, ¢1(9t)] = aveyeg, g2(gt), and

/ aveyeg, q2(gt) du = aveyeg, / q2(gt)dp = / q2(gt)dp,
teGiz teGix teGix

, (2.10)

where the last equality follows from the fact that [, .0 22(gt)dp is Go-invariant.
It follows from (2.9) that 49* = Y, wy (z;)/n is the Rao-Blackwell projection of
492 when {zi,...,z,} are i.i.d. because

E[2 |Gz, ..., Gian] =45 (2.11)

Consequently, (2.7) holds, with equality if and only if there exists Q C S; with
Pi(Q) =1 such that

Ve €, wy(z) =w(z). (2.12)

To prove that (2.12) implies (2.8), let B = Uyeg,{gz : = € S;\Q}. Then

Py (B) = 0 because G; is finite. Let @ =& \B C Q). Then P, (Q) = 1. Furthermore,
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if z € Q, then gz € Q C Q for any g € G;. Consequently, for any z € €, since w; (z)
is Gi-invariant, (2.12) implies w2 (gz) = wi(gz) = wi(z) = we(x) for any g € Gy,
which is (2.8).

To prove the converse, we first note that for any z,

aveyecg, Q’r’(gw) = avey, G, {a‘veg2€g2 %‘(g2glx)}7 r= 17 2; (2'13)
which implies

aAveycg, Q2(g$) = avey, g, {w2(91$) aveg, cGs 41 (glex)}' (214)

Consequently, if (2.8) holds, then (2.14) becomes avey, ¢g, {w2(z) avey, cg, q1(9291%) }
for any z € Q, which together with (2.13) implies

aveyeg, @2(9x) = wo(x) aveyeg, q1(9z).

This establishes (2.12) when we take () = Q. O

This theorem provides a theoretical confirmation that our ability to carry out the
aveg, operator analytically, in addition to our ability to evaluate aveg,, always helps
to reduce the MC error unless the group averages under G; are already invariant
under G», in the sense of (2.8). The proof makes it clear that the reduction in
variance is achieved by the usual Rao-Blackwellization. Taking Gy = G and G,
identity transformation gives (2.5) and (2.6).

2.3. Practical implications. A consequence of (2.5)—(2.6) is that we can improve
on the standard MC estimators such as (2.3) by using convenient choices of G for
which (2.4) dominates (2.3). For the most common applications of (2.3) in statistics,
where I' = R? and p is the Lebesgue measure, we can always take the two-element
group Go = {I4,—I;}, where I; is the d x d identity matrix. For any problem where
(2.3) can be implemented, it is trivial to implement (2.4) with G = Go:

590 — @2(2:) + g2 (=)
Z @) T o e (2.15)
where g,.(z) = 0if z is outside the support of ¢, = 1,2. By (2.5)—(2.6), Var(§9°) <
Var(¥,,) unless g2(—2)/q1(—z) = g2(z)/q1 (x) for almost all z € Sy.

In fact, even when (2.3) fails to provide a consistent estimator because Sa ¢ Si,
(2.15) can still be consistent as it requires the weaker assumption S§ C SY, namely,
the support of ¢; () +q1 (—x) covers that of ga(z) +¢g2(—x). As an extreme example,
consider d = 1, ¢; = 1, S = R but S§; = [0,4+00). Then (2.3) will only estimate
f0+°° g2(x) du. By contrast, because g1 (—z;) = 0 for z; ~ P;, (2.15) becomes

L~ @) | 1~ (=)

- + - , 2.16

n z:zl q(z:i) n ZZZI a1 (x) (210)
which correctly estimates

/0+°° q2(z) dp + /0+°° g (—z)dp = /+oo 2 (z)dp.

— 00

Upon recognizing the support problem of g;, one would apply (2.3) twice to form
(2.16) to estimate [, go()dp, whereas (2.15) achieves this automatically. This
illustrates the robustness of (2.15), or other versions of (2.4), over (2.3) in deal-
ing with the well-known “tail” problem with importance sampling, because it can
greatly reduce biases caused by lack of support in the trial density. The requirement
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of making more function evaluations by (2.15) or (2.4) is often a negligible premium
for its greater efficiency and robustness, especially in comparisons with the expense
of making the MC draws. In fact, for cases like (2.16) the corrected importance
sampling requires the same number of function evaluations as implementing (2.15).

The Go group is only one of many that can be used to improve efficiency. For
example, one can replace —I; in Go by any of the 2¢ — 2 other diagonal matrices
where the diagonal elements are either 1 or —1. Each of these groups represents
reflections with respect to some of the d axes, and which one is optimal depends on
g2 and ¢;. One advantage of using Go is that it automatically symmetrizes ¢, on
each one-dimensional subspace. While the comparisons of (2.4) among non-nested
groups can be mathematically complicated, intuitively Go is a good “default” choice
compared to other two-element reflection groups. If d is not too large, then we can
and should consider using the full reflection group consisting of all 2¢ diagonal
matrices with diagonal elements +1, which is superior to any of its sub-group
as guaranteed by Theorem 2.1. Further improvement is also possible by using
different reflection points/axes for different distributions, as investigated in Meng
and Schilling (2002); see Section 4.2.

As briefly mentioned in Kong et al. (2003), there are some similarities between
the group averaging method with the importance link function (ILF) method of
MacEachern and Peruggia (2000). The key of the ILF method is to construct a
finite number of 1-1 and onto importance link functions g;,7 = 1, ..., I with domain
B; C Ty, where T'g is a subset of ', such that {T; = ¢;(B;),i = 1,...,I} forms a
partition of I'. Thus, integration on I' can be estimated from the integral on each T;
via importance sampling using draws from a trial density concentrated on I'y. This
is a very effective strategy to deal with a common problem in MCMC where the
draws “get stuck” in part of the space, say I'g, but one needs to estimate integrals
on the whole space I'. Indeed, MacEachern and Peruggia (2000) proposed to use
this method for handling reducible chains. In this regard, group averaging achieves
the same goal and provides a more systematic way to construct link functions. If
Ty is a cross-section of the orbits, then {gTy, g € G} automatically form a partition
of T and (2.4) will be the same as the ILF estimator using the same G. Estimator
(2.16) is such an example with g1 (z) = = and g»(z) = —z. In addition, the group
formulation makes it clear that I'y needs to contain at least a cross-section in order
for the support of the P; to cover I'. When Ty is richer than a cross-section, the
group averaging estimator (2.4) is more efficient than the ILF estimator using the
same G because the latter is generally not the Rao-Blackwell projection given the
cross-section. As a trade-off, the ILF estimator does not require {g;,i = 1,...,1} to
be a group, when they are constructed based on information other than symmetries
in the baseline measure.

3. ASYMPTOTIC COVARIANCE MATRIX

3.1. Formal Fisher information calculation. Apart from the special case with
k =1 (and m > 1), the exact calculation of the variance of the MLE of ¢ is not
tractable. However, we can obtain the asymptotic covariance matrix via the usual
Fisher information calculation, at least formally. The following result (provided
in Kong et al., 2003), based on the concept of Fisher information measure (e.g.
McCullagh, 1999), was introduced to deal with Fisher information “matrix” of
infinite order, countably or uncountably.
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Specifically, the Fisher information measure for § = log p is
k
nZ(A,B) = an(Pr(A NB) - PT(A)PT(B))a
r=1

where P, is the distribution in (1.1). When I is countable, we also use Z (without
argument) to denote the |I'| x |I'| density matrix of the Fisher information measure;
thus 7 is the usual Fisher information matrix, although of countably infinite order.
The asymptotic covariance matrix of 6 is the inverse Fisher information matrix,
n~1Z~, and the asymptotic covariance matrix of dji is n~tdu(z) du(y) T~ (z,y),
where 7~ (z,y) is the (z,y) element of Z~, as indexed by I x I". From expression
(1.6) for ¢é., we find that the asymptotic covariance of logé is given by

cov(logé,,logé,) = n’l/ ™ (z,y)dP.(x)dPs(y), 1<r,s<k+m. (3.1)
r'xr

Before we proceed further, we remark that so far as contrasts of logé are con-
cerned, two variance matrices V, V' are equivalent if " Vb = o V'b for all contrast
vectors a,b. In other words, a” (V — V')b = 0, so we may add to V any (symmet-
ric) matrix W such that a Wb = 0 without affecting the value a’ (V + W)b, the
covariance of two contrasts a' logé and b logé, where é = (é4,. .., ¢rem). The set
W of such symmetric matrices is the set 1z " + z1 T, which is a vector subspace of
dimension k. The set of symmetric matrices that are equivalent to V' is the coset
V 4+ W of symmetric k x k matrices. Not all elements of this coset need be positive
definite. Cosets of this sort arise naturally as the set of symmetric generalized in-
verses of a non-invertible symmetric matrix A whose kernel is 1, the set of constant
vectors. In particular, if A1 = 0 then AWA = 0 for each W € W. If A~ is a
generalized inverse of A, i.e. AA™A = A, then A~ + W is also a generalized inverse
for each W € W. If A~ is symmetric and ker(A) = 1, the coset A~ + W is the
set of symmetric generalized inverses of A. In this paper, whenever A is symmet-
ric, A~ will be restricted to be a symmetric generalized inverse, and any equality
between generalized inverses is interpreted in the sense of equivalence. The use of
such generalized inverses makes it possible to express the asymptotic covariance
matrix of log ¢, which is singular, in a symmetric form without the awkwardness
and asymmetry associated with fixing an arbitrary component of ¢.

3.2. Deriving the matrix version. While expression (3.1) is extendable to cases

where I' is uncountable, for the case where I' is finite or countably infinite, we can

obtain the usual matrix form. Specifically, let Ppix = Zﬁzl frP, be the mixture

probability where f. =n,/n,r =1,..., k. Then the matrix Z is given by
T=D—PFP/,

where D = diag{Pmix({z})}, Pk is a |I'| x k matrix with rth column given by
P.({z}) for x € T with = as the row index, and F = diag{f1,..., fr}. Provided
that Py is strictly positive on I', the matrix Z has kernel equal to 1. Let Oy =
P D71Py, and let (F~! — O)~ be a generalized inverse. Then the matrix

I-=D'+D'P(F' - 0O) P, D! (3.2)
is a generalized inverse of Z. Thus, writing &% = (¢1,...,¢), asymptotically,

ncov(logé®) = PII7Py, = O + OR(F~' = O) Oy, (3.3)
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which involves only symmetric matrices of order k. The inverse asymptotic variance
of log &%) i.e. the asymptotic precision, is n(0, — 0,0, FO,Oy}).
Similarly, for ¢*+™) = (&,,..., éxm), asymptotically we have

(1 A(k-l—m)) _ Ok + OkLkOk 0;7]9 + OkLkO;’k
n cov(log ¢ "\ Ok + Ok LyOr - Oy + Om,kLkOL,k )

where Ly = (F~! = Or)~, O = P D™ P, Op . = P, D71Py, with P, the
counterpart of Py but for r = k+ 1,...,k + m. Note that for f = (f1,...,fr)",
we have Oxf =1 and (F~! — Of)f =0, so F~! — Oy, is singular. For each vector
a €RE (F71 —Op)” 4+ af" + fa' is also a symmetric generalized inverse. But
the choice of a has no effect on the variance of any contrast in expression (3.4).

We remark in passing that from (3.2) Z= > D! in the sense of Lowner ordering,
from which we obtain the asymptotic inequality

1 dP,(x dPs(z
Var(log(é,/é5)) >n~ /F (dpiii(l) _dpiii(l)

(3.4)

)2Pmix(dm), Vr,s €{1,...,k+m}.

3.3. Estimating equation “sandwich” version. A technical difficulty with the

Fisher information approach arises when I' is uncountable. In such cases, the log

density estimate fis generally inconsistent in the sense of pointwise convergence and

thus the Fisher information approach presented in Section 3.1 can only be viewed

as a formal calculation, suggestive but not rigorous. In this section we show the

formula (3.1) or equivalently (3.4) are indeed correct even when I' is uncountable.
First, equation (1.6) gives an estimating equation for log é*) via

g dloelPleiyioll - _ (3.5)
— dlogc e=a(k)

where 1
Plaly;c) = fyay(z)cy (3.6)

ooy fogs(@)es
Applying the standard “sandwich” approach, albeit on the quotient space logc €
Rk /1, we obtain, asymptotically

ncov(logé®) =71-Vi~,

where, denoting by E, and cov,., the expectation and the variance under P,,

- 8? log[P(z|y; c)]
= X;: Jrr [_ (@logc)(dloge)T c_ém] =FOwF — F, (3.7)

and

= FO,F — FOLFOF.  (3.8)

c=¢(k) |

k
_ 0log[P(z|y;log c)]
V—;frcow [ logc

Therefore, asymptotically,
ncov(logé®) = (I — O F)~ (O — Oy FOR)(I — OxF)™ T, (3.9)

where A~ T denotes (471)7.

To show that (3.3) and (3.9) are equivalent, we only need to show that for a
particular choice of the generalized inverse, they are equivalent. A convenient choice
is the Moore-Penrose generalized inverse A™ for any matrix A, which is unique and
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satisfies AATA = A, ATAAT = AT, and AT A and AAT are symmetric. Using this
choice, it can be shown that both (3.3) and (3.9) are equivalent to (I — OxF)TOy.
And thus for computing the variance of any contrast of logé®), (3.3) and (3.9)
are equivalent. The extended version (3.4) can be derived directly in similar way,
although the algebra is a bit more involved. In this derivation, a key is to observe
that the f, in (3.6) plays no role in (3.5) because log f, is a constant. Thus we can
effectively remove f, from (3.6), which would then allow the y index extended to
include y =k +1,...,k +m (for which f, =0).

3.4. A numerical example. For a numerical example, we take k = 3, p unit
Poisson, ny = ny = n3, and ¢.(x) = r® so that P, is Poisson with mean r. Using
(3.3), we find that

1.426 0.958 0.616 1.576 0.949 0.475
O3 = (0958 1.038 1.004|, P;ZT P3= {0949 1.039 1.012
0.616 1.004 1.380 0.475 1.012 1.513

The variance of any contrast log(é,/é,) is remarkably little affected by the relative
allocation frequencies n,/n in the design. For example, if the relative frequencies
are f = (0.2,0.3,0.5) T we find

1.733 1.085 0.656 2.431 1.452 0.772
O3 = [1.085 1.051 0.936|, PJZI P3= (1452 1.250 1.002
0.656 0.936 1.176 0.772 1.002 1.200

The asymptotic variances of the contrasts (log(é1/é2),log(é1/és),log(é2/és)) are
thus
(0.716,2.138,0.528) /n and (0.775,2.086,0.446) /n

for the first and second allocation respectively.

In the sense of minimizing the average variance of pairwise contrasts, the rela-
tive frequencies in the optimal allocation are approximately (0.0,0.8,0.2), with no
observations from P;. But the average variance achieved by this allocation is only
8% less than the average variance in the design with equal weights. Further, the in-
ferior design with equal weights may be superior for interpolation or extrapolation,
i.e. for estimating ratios log(c,/cs) with  and/or s in {k+1,...,k + m}.

The term bridge sampling has been used by Meng and Wong (1996) and Gelman
and Meng (1998), in connection with the practice of sampling from intermediate
distributions Ps,..., Pr_; in order to estimate the ratio ¢;/c; more accurately.
Since the optimal allocation in the preceding example puts weight zero on P, the
optimal bridge is in fact a cantilever, supported entirely on P, P3. While the term
‘bridge sampling’ has a certain metaphoric appeal, this example indicates that it
can be misleading to interpret the structural stability of the bridge as evidence of
its statistical efficiency.

3.5. Asymptotic covariance matrix from sub-models. Since the estimating
equation obtained from a sub-model is the same as (1.6) except that ¢, is replaced
by a group-average g, r = 1,...,k + m, the general covariance formula (3.4) is
obviously applicable with the same replacement. In notation, this replacement is
signified with O in place of O in (3.3) and other formulas as necessary. To see the
potential gain in efficiency by a sub-model, consider a case where T' is countable,
i is the counting measure, and k = 2. Let A be a finite subset of T, and let G4
be the permutation group on A. Then it is clear that averaging P, and P, over A
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effectively makes both of them uniform on A. The asymptotic variance of logy94,

where 794 = ¢J4 /é94 | from (3.3) is (see Meng and Wong (1996) for a direct proof)
1

Var(log494) = o5 — 1), 3.10

( g ) nflfQ ( 12 ) ( )

where 015 is the off-diagonal element of Os, that is,

dpl (.CL') dpg(x) — dpl (.CL') dPQ(JE)
AP (@) AP (@) ) 2 | B AP (@)

Using the fact that P; and P are uniform on A, (3.10)-(3.11) yields

Var(log i) < — HAD , LB,
ny Pl(A) N9 PQ(A)

Consequently, the variance decreases with the increase of mass of A under both
P, and P, and it approaches zero as A approaches I'. This is not surprising
because as A approaches I', the difficulty of summing over A, as required by the
avegeg, operator, approaches that of the original summation problem we try to
avoid. Putting it differently, the choice and especially the size of A models what we
consider to be usable information and computationally feasible. In implementing
this sub-model estimator, we do not need to actually perform the permutation
because for any = € A, P.({z}) = 3., c4 Pr({w})/|A], so the computation is linear
in |A|, not in |A|!, which would be the case if we needed to actually permute.

As an illustration, let T’ = {0,1,2,...,}, u counting measure, g.(z) = (rA)*/z!,
r = 1,2, and thus P, is Poisson with mean rA. Take A = Ay = {0,1,...,k}. Then
P.(AS) < (rA)F*1/(k + 1)!, and thus the right-hand side of (3.12) goes to zero
rapidly as k goes to infinity. Figure 1 gives the relative variance of log(é;* /éz'*)
verse the same estimator but without permutation (i.e., using k¥ = 0), based on the
asymptotic variance formula (3.10). It is seen that the size of the set of values of
A, the difference between the means, that show much improvement increases with
k. This is expected as when k is suitably large compared to A and 2\, A will
cover a substantial amount of mass under both P; and P», and thus the group
averaging will be significantly better than the original un-permuted one. This also
suggests that we can choose other A’s, such as the union of two neighborhoods (not
necessarily overlapping) of the mean/mode of each distribution, that may lead to
even more efficient estimator with the same |A|. The key message here is that an
effective strategy for increasing overlap between two distributions is to make both
of them as close to uniform as possible; see Section 4.2 for more discussion.

012 = Pmix(dm)- (311)

(3.12)

4. MODELING WITH ADDITIONAL INFORMATION

4.1. Parameterizing baseline measure. An extreme form of additional infor-
mation arises when we can parameterize the baseline measure g up to a finite set
of unknown parameters. Although this is of little practical interest (as it effectively
assumes that we can perform integrations analytically or numerically once we are
given the values of the unknown parameters), it provides a framework for examin-
ing the maximum possible gains by using additional information on p. Since it is
not possible to give a generic parametric model, we give two examples to illustrate
two possible scenarios.

Example 1. Let k=2,T' ={0,1,2,...,}, g-(z) = r*, and suppose that p is known
to be a distribution in the Poisson family, but with unknown mean A. Direct
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FIGURE 1. Variance of sub-model MLEs relative to that of MLE
for the Poisson example of Section 3.5 (here & is the group size).

calculation shows that, for r = 1,2, ¢, = e’\(r’l) and that A\, = r A is the mean
of the distribution P,.. Thus & = log(02 /c1) = A2 — A1 = X may be estimated by
the moment estimator { unT = X2 — X1, or more efficiently by the MLE 5 MLE =
>y Xi/(n1 + 2ny). The MLE is minimum-variance, unbiased and with variance

AL
nfi+2fy

where f; = n;/n. Incidentally, the efficiency of Eunr relative to Eypp is [9 +

2(\/f2/f1 — \/f1/f2)?]~', which does not exceed 1/9, the value achieved when
fi=fa=1/2.

To see the loss of efficiency from not parameterizing u, we compute the asymp-
totic variance of the semi-parametric MLE és mLE from Section 1, which is also the
optimal bridge sampling estimator (Meng and Wong, 1996). This variance is given
by (3.10) (with the original 012 in the place of 812), where for our current problem,
012 is a function of A given by

Var(éMLE) = (4.1)

B oo (2)\)z672/\
o12(A) = mgo A1+ Foore )

Figure 2 plots the asymptotic efficiency (i.e., reciprocal of variance) of ESML E rel-
ative to EMLE as a function of A, where f; = fo = 1/2. It is seen that the relative
efficiency is always below one and it approaches zero as A\ — oo. This is expected
because as the difference in means, A = Ay — A;, increases, Var(éMLE) goes up
linearly in A as seen in (4.1), but Var(ésyzp) goes up exponentially in A. The
latter can be seen by using the inequality (8.4) of Meng and Wong (1996, p. 850),
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FIGURE 2. Relative efficiency of the semi-parametric MLE versus
MLE for the Example 1 of Section 4.1.

which states that when f; = fo = 1/2,

dp(z) dp(z)

where Hio determines the Hellinger distance between P; and Pe: +/2(1 — Hya).
Since for our current problem His = e~ (152X we have

% <6(3—2\/§)>\ _ 1) > Var(éSMLE) > % (6(1.5—\/§)>\ _ 1) )

HYy <013 < Hypp = / p(dz), (4.2)
r

The phenomenon that the variance of the optimal bridge sampling estimator (when
k = 2) goes up exponentially with the difference in means was also reported in
Meng and Wong (1996), which suggests that it is crucial to increase the overlap
between the P; and P», using methods such as those given in Meng and Schilling
(2002), in order to improve the efficiency of bridge sampling estimators. It is also
interesting to note that the parameterized MLE, éMLE, resembles the behavior of
some estimators from path sampling, which is bridge sampling with infinitely many
bridges, in the sense that the latter can also have variances that go up linearly in
the difference in the means (Gelman and Meng, 1998).

We note that if we modify the example by setting du(z) = (A\"e~*/z! on the
integers, for some unknown scalars ¢ > 0 and A > 0, then p is no longer a probability
measure, ¢, = ¢ e*"~1)_ but the ratios are unaffected. The value of ¢ has no effect
on the distribution of the observed data, and the likelihood function is unaffected.
Thus ( is not identifiable, the constants ¢, are not identifiable, but the ratios ¢, /c;
are identifiable and may be estimated by maximum likelihood as described above.



LIKELIHOOD THEORY FOR MONTE CARLO 15

Example 2. Let T = R, ¢,(z) = e #%, where 0 < ) < B2 < --- < B are known,
and p(dz) = e ?*dz for some unknown p > 0. Then ¢, = 1/(B, +p), r=1,...,k,
and P, is exponential with mean ¢,. The model is thus inverse linear (McCullagh
and Nelder, 1989, chap. 2) with one unknown parameter p which can be estimated
by maximum likelihood. The sample ratio, X5/X; is a consistent, but not fully
efficient, estimate of the ratio c3/c;. The MLE of p is p = max(0, p), where

k f _
;ﬁwﬁ:X’

which has a unique solution in (—f81,00). The Fisher information is

k

I(p)=n2(ﬂr+p anr (43)

To investigate the gain of efficiency by parapwtemzmg, we consider the case of
k = 2. From (4.3), the asymptotic variance of &y e = log(B2 + ) — log(B1 + p) is

1 (e —c)?
n fici + fac3’
On the other hand, Hi2 = 2 /¢1¢2/(c1 + ¢2), and thus by (3.10) and (4.2), when
fi=fa=1/2,

% [—2(\/6_\1/;_0\2/6)2] < Var(éSMLE‘) < % [7(010;22)2] .

Consequently, the asymptotic relative efficiency of ég MmLE is bounded by

min { et va) vae 1} > Varlurr) o 2a0 (4.5)
(Cl + 62) Var(ESMLE) ¢ t+c3

Consider the case where f1 = 1 and 82 = 8 > 1. Then the lower bound on
the asymptotic efficiency in (4.5) has a minimum value 23/(1 + 32), achieved when
p = 0. Thus, unlike Example 1 where the asymptotic relative efficiency of fs MLE
can be arbitrarily small when the unknown parameter A varies, in this example the
gain in efficiency from using é M LE may not be significant. For example, when § = 2,
the asymptotic relative efficiency of ESMLE is at least 80%, irrespective the value
of p. This is due to substantial overlap between exponentials with mean (1 + p)~*
and with mean (2 + p)~!, regardless of the value of p. This again illustrates that
the efficiency of éSML g is determined by the amount of overlap of the underlying
distribution. Of course, when 8 — oo, the asymptotic efficiency of ég MmLE tends to
zero by (4.5), because the exponential with mean (3 + p)~! becomes concentrated
at zero, and thus has little overlap with the exponential with mean (1 + p)~!.

Var(éMLE) = (4.4)

4.2. Using label information. As we derived in Section 3, the asymptotic co-
variance is determined by the design matrix F' and the overlap measure matrix
O ={ors, 1 < 7,5 <k+m}, where
o — dP,(z) dPs(x)

T T delx(m) delx(x)
Generally speaking, the more overlap as measured by O, the more accurate the MLE
of log é, where ¢ = {c1, . .., Cktm}- When I has certain topological structure, we can
consider transformations to “warp” P,’s into similar shapes (and locations) in such

Pmix (d.’l?) . (46)
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a way that the transformations do not alter the normalizing constants. For example,
suppose the dominating measure p is Lebesgue. Then we can consider transforming
each z, ~ P, via an one-to-one transformation g.(z). The desired normalizing
constant ¢, then is the normalizing constant of the transformed distribution, that
is, (1.2) is replaced by

= [ arlor @) @) i, (4.7)

where J, is the Jacobian for g !. Since we know both g, and J,, (4.7) is simply
(1.2) with ¢, replaced by G, = ¢-(g9;(z))J-(z), and thus we can proceed as before.
However, with appropriate choices of g,, the corresponding new P,’s can have
substantially more overlap than the original P,’s, as measured by O. Therefore,
this warping technique can help greatly to reduce the Monte Carlo error. Note
that we do not need to make new draws from P, as #; = gy, (z;) is automatically
from P,, by construction. However, the label information is crucial for such a
procedure, in contrast to the likelihood formulation given in Section 1, where we
do not assume any additional knowledge (e.g., the topological structures of P,’s,
including the support I').

Meng and Schilling (2002) provide extensive empirical evidence on the effective-
ness of this warping strategy. They considered first, second, and third order warping
transformations, which correspond to location shift, scale/rotation matching, and
symmetrization. The first two orders of warping can be summarized by an affine
transformation g,.(z) = S.(z — m,), where m, and S, can be (i) estimated from
the draws from P, (e.g., sample mean and precision) or (ii) determined analyti-
cally from the known ¢, (e.g., its mode and the square root of the negative Hessian
matrix at the mode). It is evident that (ii) can provide substantially more effi-
cient estimators than (i), at the cost of possibly considerable analytical calculation
when the dimension of T is high. In contrast, (i) is typically trivial to implement,
and as demonstrated in Meng and Schilling (2002), it typically still provides a far
more efficient estimator than not using any warping transformation. In particular,
using the sample precision matrix in addition to just location shift, which was orig-
inally proposed in the physics literature by Voter (1985), can provide substantial
additional reduction of MC variance.

For the third order warping, Meng and Schilling (2002) suggested using mixtures
of a density with its various reflections to eliminate skewness. This is mathemati-
cally equivalent to group averaging when the reflections used in the mixture form a
group. Meng and Schilling (2002) also demonstrated that it can achieve dramatic
reduction of variance by combining all three orders of warping, namely, to first shift
all distributions to a common origin, then reflect with this origin, and then stan-
dardize each of the reflected ones to have common covariance matrix. They gave
an example where after these warp transformations several rather skewed and very
different distributions were effectively transformed to similar multivariate normals,
and thus the gain in efficiency was several orders of magnitude.

An unresolved problem with these label-specific transformations is that we cur-
rently do not have a model-based way to choose them. In principle, it should be
possible to formally include, say, the affine transformation parameters {m,., S,} in
the semi-parametric model and then estimate them by MLE, instead of estimating
them by moment methods such as sample mean and precision. The difficult is that
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in order to let the model properly estimate {m,, S} such that the warped distri-
butions will be close to each other, we need to build such a requirement into the
model. While we can estimate the distributional summaries of each P, using the
draws from it, the likelihood function based on these data do not contain direct
information on how to transform these sampling distributions together. This ap-
pears to be another interesting and challenging problem in modeling our inability,
namely the inability to analytically maximize overlap, as measured by O, among
the underlying distributions.

5. USING THE PROFILE LIKELIHOOD APPROACH

5.1. Profiling the empirical likelihood. In this section, we show that the like-
lihood (1.4) can be partially maximized to produce the same results as given in
Section 2 and Section 3. This empirical likelihood approach not only yields a pro-
file likelihood for ¢, but also provides another explanation for why the “retrospective
likelihood” for ¢ studied in Geyer (1994) is only first-order correct, as demonstrated
before (Kong et al., 2003, Section 6).

In the empirical likelihood approach, we treat both § = {61,...,6,}, where 6; =
0(z;), and ¢ = {c1,...,cr} as parameters. Because of (1.4), the profile likelihood

Of C 18 defllled by
l = Imax E 6 - E 1()g 5.1
( ( ) < ns cs> ’ ( )

where
c)={6: Ze qr(zi)c ZP {z:}) =1, r=1,...,k}. (5.2)

The equality constraint in (5.2) is motlvated by the discussion given in Section 1.3,
where it is shown that in maximum likelihood calculations, we can restrict ourselves
to measures with support on {z1,,...,2, }. We also note that the summation here is
over the entire sample because, as noted in Section 1.2, the labels of the observations
are not part of the minimal sufficient statistic.

Before we proceed, we need to set conditions to guarantee that ©(c) is not empty.
To do so, we let

k
W(c) ={W = (w1, ..., wg) : Zws =1 and pmix(z;|W) >0,Vi=1,...,n},
s=1

(5.3)
where pmix(z|W) = Zle wsps (), with ps = gsc; ! denotlng the normalized den-
sity. Note that (5.3) does not require nonnegative w;’s, but only that pmix(z;|W) is
positive for all i, i.e. we allow negative “weights”, as long as the corresponding mix-
ture density is positive. Clearly WW(c) is non-empty because (k~1,..., k™) € W(c)
under our sample design. Furthermore, it is trivial to verify that W(c) is a convex
set because pmix(z|W) is linear in the components of W.

Intuitively, because any two densities with respect to the same dominating mea-
sure cannot dominate each other in order to integrate to one, we need the following
necessary condition for ©(c¢) to be non-empty:

No Dominance Condition There does not exist a W € W(c) and a 1 <t < k
such that
Pmix(Ti|W) > pi(z;), forali=1,...,n, (5.4)
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and where the inequality is strict for at least one 1.

It is interesting that this intuitive necessary condition turns out to be also suf-
ficient, as seen from the following theorem, proved in the Appendix. The A(c) set
used in the theorem is the collection of all (ay,...,ax) such that Zle as = 0 and
Pmix(x;|A) > 0 for all i = 1,...,n with the inequality being strict for at least one
i. Note that the conditions (I), (IV) and (V) were considered before (Tan, 2004),
but (II) and (IIT) appear to be new.

Theorem 5.1. Assuming Qnxr = {g;(xi)} is of rank k, the following five condi-
tions are equivalent:

(I): ©(c) is non-empty;

(IT): The “No Dominance Condition” holds;

(III): A(c) is empty;

(IV): W(c) is a bounded convex set;

(V): The equations

n

pr(2;)
i—1 pmix(milw)

have a unique solution in the interior of W(c).

=n, forall r=1,...,k, (5.5)

We remark here that while conditions (III) and (IV) are geometrically appealing,
condition (V) seems to be most convenient for practical purposes, because we can
check numerically the existence of the solution to (5.5). We also remark that when
¢y X ép, where {é,,r = 1,...,k} is the solution of (1.6), W = (f1,..., fx) satisfies
(5.5), where f, = n,/n. Therefore, we know that there exists at least one ¢ (and
all its multipliers) such that ©(c) is not empty.

Nevertheless, for the case of k = 2, the bounds given by (IV) can be established
explicitly because condition (II) implies that the following two sets

Ny = {i:p1(z;) — pa(z;) <0} and Ny = {i: pi(x;) — p2(z;) > 0}

are non-empty. Consequently, it is easy to verify directly that W(c) consists of all
(w1, ws) such that wy + w2 =1 and

—p2(i) } : { —p2(@i) }
max{ ————— s <w; < mn{ ————>——— 5.
i€N> {Pl (zi) — p2(z:) P ien | pa(@i) — pa(a)
5.2. The computation of the profile likelihood. Equipped with Theorem 5.1,

we can now proceed to find a computable expression for the profile likelihood I(c)
of (5.1). We first observe that the constraint in (5.2) is equivalent to

k n n
Zws <Z e‘g"qs(;ci)cs_l) = Zeo"pmix(xi|W) =1, (5.6)
s=1 i=1 i=1
for any W € W(c). Taking logarithms on both sides of (5.6), and then applying
Jensen’s inequality to the log function, we obtain that
> 0i < = log pmix(zi|W) + logn], (5.7)
i=1 i=1
for any 8 € O(c) and W € W(c). This implies that

0, < — 1 mix (L5 1 . .
R OBLE Wrggggc);[ogp (:|W) + log ] (5.8)
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We now show that the above inequality is actually an equality, and hence the max-
imization needed to compute the profile likelihood I(c) is equivalent to maximizing
the log-likelihood for the unknown weights W under the mixture model as given
by Pmix(z|W), with W(c) as the parameter space. This happens because equation
(5.5) is just the normal equation for the maximum likelihood estimate (MLE) of W
under this mixture model. Let us denote with W (c) the MLE under this mixture
model (recall we assume condition (V) here), namely the unique solution of (5.5),
and let

0;(c) = —[log pmix(z:|W (c)) + logn]. (5.9)
Then it is clear that this choice of # makes (5.8) equality. Furthermore, (5.5) implies
0(c) € O(c). Consequently, §(c) is the maximizer in (5.1), and therefore

n k
Il(c)=— Z log pmix(zi|W(c)) — nlogn — Zns log cs. (5.10)

=1 s=1

Note that because W (c) is the solution of (5.5), W(c) € W(c) and ¢ must satisfy

— gr(zi)ey ! —n. =
T, (W(c),c) = ; SRR 1,...,k. (5.11)

We remark here that the above derivation is similar to the maximization ap-
proach used for finding MLE with control variates, as investigated in Tan (2003a,
2004) and Meng (2005). A key advantage of (5.10) is that it provides a direct “mar-
ginal likelihood” for ¢, which can be treated as a likelihood to be used in Bayesian
inference for ¢ when we have reliable prior information on it; see Section 6.1.

5.3. Computing the MLE and the observed Fisher information. To maxi-
mize [(c), we first identify its stationary point(s). We therefore calculate

al(c) i Zle Ds (.’E,) 8%2(6) —Pr (mi)cqjlwr (C) Ny
=c, —Z T - — | =nw.(c) — np,
alog Cr i=1 23:1 Ds (mi)ws (C) Cr
(5.12)
where the last equality is due to (5.11) and Zle wy(c) = 1. Consequently, any
stationary point ¢ must satisfy w,(¢) = n,./n = f.,r =1,..., k. By the uniqueness

of the solution W(c) for (5.5), we can conclude that ¢ must be the solution of
T-(f,c) =nfor all r = 1,..., k, which is exactly (1.6) for r = 1,...,k. Under the
“connectivity” assumption of Vardi (1985), which we always assume, (1.6) has a
unique solution (up to a multiplicative constant), which is the MLE of ¢ under the
likelihood (1.4). Since I(c) is the profiled likelihood derived from (1.4), it is clear
that the very same ¢ also maximizes [(c) in (5.10), as it should.

It is interesting to observe that if we let W = f in (5.7) and (5.9), but with-
out realizing that the resulting 6 from (5.9) may not satisfy (5.2), we would have
arrived at a “profile” log-likelihood (5.10) with W = f, as in Geyer (1994). This
would be exactly the wrong log-likelihood obtained by the retrospective argument
—see (6.1) of Kong et al. (2003). In other words, the wrong likelihood is the same
as the incorrectly “profiled” likelihood without realizing the strong compatibility
requirement between W and ¢, as in (5.11). However, because of (5.12), this incor-
rectly “profiled” log-likelihood does provide the correct MLE as it coincides with
the correct profile likelihood when ¢ = ¢ from (1.6) since W(¢) = f.
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The incorrect “profile” likelihood does not provide the correct second order in-
ference, as demonstrated in Kong et al. (2003). The correct asymptotic covariance
for log ¢ can be estimated by the inverse of the observed Fisher information from
the profile likelihood (5.10) (Murphy and Van Der Vaart, 1999), namely,

2
T=— [%] =" g‘f;écc) R (5.13)

where the last equality is due to (5.12). By (5.11), we have
[6T(W, c)] [QW(C)] _ _0T(W,¢) (5.14)

ow dlogc Ologc ’

where T = (T1,...,T;)". Using W(é) = f, it is easy to check that for any r,s €
{1’ M k}?
T,
Oows

oT,
Odlogc,

= —0ps and
c=¢

o= [ ireh) lirep] Povteo

which is the sample version of (4.6). It follows from (5.13)-(5.15) that OxZ/n =
I — O F, which implies

= 6rsfs - 5{r:s}; (515)

c=¢

where

ni~ = I - OF)* Oy, (5.16)
which is equivalent to (3.3) and (3.9), except with O}, estimating Oj.

6. A PARADOX AND SOME FUTURE WORK

6.1. A Bayesian paradox? Given the success of likelihood based methods, it is
natural to ask the question, “what about Bayesian methods?” Indeed, it seems so
obvious that Bayesian methods should be particularly useful for dealing with simu-
lated data, since the usual dispute of the correctness of prior information no longer
exists. For example, by mathematical inequalities, such as Jensen’s inequality or
Cauchy-Schwartz, we may know for certain that a normalizing constant ¢ is between
two known values, a and b. Surely such prior information can and should be used
in our MC integration. But how? Because the model parameter is the baseline
measure £, to put a prior on u that respects a < ¢ = [ ¢(z)p(dz) < b would
require similar or even greater analytic effort than what is needed to calculate ¢
analytically. In other words, in order to carry out the Bayesian method, we need
more effort than what is needed to solve the original problem.

One, of course, could try to use the profile likelihood as given in (5.10) to conduct
Bayesian inference. This is certainly a topic worth investigating, particularly with
respect to the question of trading computational efficiency with statistical efficiency
because the computation of (5.10) is not cost-free (but at least it is numerically fea-
sible). Nevertheless, from a philosophical point of view, profile likelihood is not an
legitimate Bayesian approach, which finds marginal likelihood via integration, not
maximization/profiling. Therefore, statistical inference for MC integration appears
to be an ultimate paradox for Bayesian inference, because it appears that Bayesian
methods can solve (at least in theory) every other inference problem except for their
own computational problems (as Bayesian methods rely heavily on MC integration
for implementation). Or as Kong et al. (2003) put it “This computational black
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hole, an infinite regress of progressively more complicated models, is an unappealing
prospect, to say the least.”

6.2. Some future work. Two of the most important challenges are to extend
the models to include the estimation of label-specific transformations, and to use
effectively information on dependence structure (e.g., auto-correlation), as in an
MCMC setting. There has been no progress regarding the first, but the empirical
evidence provided in Meng and Schilling (2002) from the use of “warp transfor-
mation” methods suggest that the gain of efficiency by appropriately modeling the
label-specific transformations can be substantial. As for the second, several papers
(Tan, 2003b,c, 2004) show great promise. In particularly, the use of the kernel func-
tions under the likelihood modeling in a Gibbs sampling setting, or more generally
with Metropolis-Hastings algorithms can lead to estimates of normalizing constants
with a n~! rate of convergence, instead of the usual n=/2 rate (Kong et al., 2003;
Tan, 2003a).

Both of these extensions can therefore have substantial practical consequences, as
well as provide theoretical insight into how we should balance analytical, numerical,
and simulation efforts in effective use of MC methods. As discussed before (van Dyk
and Meng, 2001, rejoinder), model selection with simulated data has a different goal
than with real data, because the key question is not which model is approximately
true — all models that can link the simulated data to our estimand are known and
true. The goal is rather to select a model that provides an effective compromise
between computational complexity, human effort, and statistical efficiency. Our
sub-modeling via group averaging was guided by this goal, and we look forward to
further explorations of this method and to development of other methods that will
help to achieve the same goal.

APPENDIX: PROOF OF THEOREM 5.1

(I)= (II): We prove by contradiction. Suppose (II) is false. Then there
exists a W € W(c) and t that satisfy (5.4). It follows that for any 6 € ©(c),
we will reach the following contradiction:

1= Zeinmix(xilw) > Zeaipt(xi) = ]-J

i=1 i=1

where the first and last equality are due to § € ©(c) and W € W(c), and
the inequality is a consequence of (5.4).

(IT)= (III): If there exists an A € A(c), then it is easy to see that A +e; €
W(c), where e; = (1,0,...,0), and that (5.4) is satisfied for this element of
W(c), with the inequality being strict for at least one i. This contradicts
assumption (II).

(IIT)= (IV): We again prove by contradiction. Suppose there exists a se-
quence W™ € W(c) such that it is unbounded as m — oo. For any m, let
rm be the index such that |W,™| = max{[W\™|,r = 1,...,k}. Because
rm can only take k values, as m — oo, there is a subsequence such that r,
takes the same value, say, r,,, = 1.

Along this subsequence [W\™| = oo, and a!™ = W™ /|W\™| €
[-1,1] for any r > 1. Therefore we can choose a subsequence such that
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the limit of o™ exists for all 7. Denote this limit by a = (a1,...,a).
Then it is clear from )_, W™ =1 that

(m) 1
= mzee ST W M (W

T

Furthermore, from pmix(x,-|W(m)) > 0, we obtain that

Pmix(zi|A) = lim

kAR ey (A.2)

If we can prove that at least one inequality in (A.2) is strict, then (A.1)
and (A.2) allow us to conclude that a € A(c), which contradicts assump-
tion (IIT). To prove this, suppose pmix(zi|4) = 0for alli = 1,...,n. It
follows that P,xra' = 0, where P,y = {pj(z;)} is the n x k matrix of
the normalized density values. Since Py x; = Qnxi diag{cy?, ... ,c,?l} and
therefore it is of full rank k under our assumption that ), xx is of full rank
k, we can conclude that a = 0. But this is impossible because |ai| = 1 by
our construction.

(IV) = (V): Because W(c) is bounded, all its boundaries are determined by
W such that pmix(z;|W) = 0. Therefore,

n
f(W) = Zlogpmix(a:i”/v):

i=1
which is a concave function on W(c¢), must be maximized at an interior
point of W(c) because at any of these boundaries f(W) = —oo. Since this
interior point, labeled by W (¢), must be a stationary point, by the method
of Lagrange multiplier, it must satisfy (5.5). To prove this solution is unique
(and hence f(W) has only one stationary point, the global maximizer), let
us suppose there are two solutions, W; and W, that satisfy (5.5). This
implies that, by summing up the left-hand side of (5.5) with respect to
either weight and then summing up the two sums,

z": [pmix(xilwl) Puix(zilW2) _ o] _ (A.2)

pt Pmix(Zi|W2)  Pmix (x| W1)

Using the fact that a+a~! > 2 for any a > 0, where the equality holds if and
only if a = 1, we can conclude from (A.2) that pmix(z:;|W1) = Dmix(z:|Wa)
for all 4 = 1,...,n, namely P,x(W; — Ws) = 0. It follows immediately
that W7 = W5 because P« is of rank k.

(V) = (I): Let W(c) be the unique solution of (5.5), and define §(c) as in
(5.9). Then this 6(c) satisfies the constraints required by (5.2) and hence
O(c) must be non-empty.
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